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A balanced ternary design (BTD) is a balanced design on V elements with constant block 
size, in which each element may occur 0, 1 or 2 times in each block. Thus blocks may be 
collections of elements rather than subsets of elements. A regular BTD is one in which each 
element occurs singly ir p1 blocks, and is repeated in p2 blocks. The condition V = 0 (mod 3) 
was shown in an earlier paper to be both necessary and sufficient foi the existence of a regular 
BTD on V elements with block size 3, index 2 and p2 = 1. We show in this paper that if p2 = 2, 
necessary and sufficient ,anditions for existence of a regular BTD with block size 3 and index 2 
are V=O or 2 (mod 3), Va5, and if p2 = 3 the necessary and sufficient conditions are V = 0 or 
1 (mod 3), Va 7. Hence by allowing p2 to be as large as 3, we have a regular BTD on V 
elements with block Gze 3 and index 2 for all V# 1,2,4. 
1. Introdactba aad 
A bulanced n-ary design on V elements has B blocks of size K such that each 
element may occur 0, 1, 2,. . . ., or n - 1 till;es in each block, and such that 
B 
c t$,nj, = A 
??I= 1 
is a constant for all 16 li < j s V, where ~t~,~ denotes the number of times the ith 
element occurs in the mr:h block. We call A the index of the design. In the case 
n = 3 these designs are called balanced ternary designs or BTDs. 
A balanced n-ary design is regular if each element occurs R times altogether 
and if each of the V elements occurs i times in each of pi blocks, 0 s i s n - 1. It 
follows easily that 
i=: 0 
and 
VR = BK, 
n -1 
(1.1) 
(1.2) 
(1.3) 
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The parameters of a regular BTD will be written in the form 
(V,%%,P*AKN. (1.4) 
In a genuine BTD the smallest possible value of A is 2. For more explanation and 
earlier references to balanced rt -ary designs, see my earlier papers [4] and [S], 
published in my maiden name, Morgan. 
When K = 3 and A = 2, parameters (1.4) become 
(V,$V(V-l+p,); V-1-p,,pz, V-l+p,;3,2). (1.5) 
Bf p2 # 0 so that the design is a genuine ternary one, then V 3 2p2+ 1. (See 
[4, Lemma 1 .l(iii)], where r2 is used instead of p2.) In [5] we constructed esigns 
(1.5) with p2= 1 for all V = 0 (mod 3); this condition on V is clearly necessary as 
B = $V2 must be an integer. When p2 = 2, parameters (1.5) become 
(V,fV(V+l); V-3,2, V+l;3,2), Va5. (1.6) 
Clearly V 3 0 or 2 (mod 3) is a necessary condition as $V( V + 1) must be an 
integer. Similarly, when p2 = 3, the parameters are 
(V,4V(V+2); V-4,3, V+2; 3,2), Va7 (1.7) 
and we must have V= 0 or 1 (mod 3). 
In this paper we shall show that the conditions V = 0 or 2 (mod 3) and V = 0 or 
1 (mod 3) are in fact sufficient for the existence of regular BTDs with parameters 
(1.6) and (1.7) respectively. In [S] we dealt with the case p2 = 1, and the method 
used the concept of “pairings” taken from a paper by Stanton and Goulden [8]. 
However since [5] appeared, earlier references to such pairings have been found, 
namely [3,6,7]. In fact similar methods were used by W.W. Rouse Ball [1, 
Chapter X]. This “pairings” method has been applied by the author to construct 
designs with parameters (1.6) and (1.7), but many different cases arise in the 
constructions, and so we give here some shorter recursive constructions, using a 
method suggested in the first half of Stanton and Goulden’s paper [S], which 
involves factorizations of complete graphs. For definitions and well-known results 
on, in particular, 2-factors (which we shall use here), see for example Harary [2, 
Chapter 9]. The designs will be constructed via their incidence matrices; the 
incidence ma& of a balanced n-ary design is a V x B matrix [q,J, where n,, is 
the number of times the ith element occurs in the mth block. This is an 
(0, 1,2)-matrix in the BTD case, and if the BTD is regular, each row of its 
incidence matrix has p1 entries equal to 3 and pz entries equal to 2, while each 
column sums to K. 
can be expressed as the sum of 2-factors & 1 s i s II, 
(s) joining every ith vertex., If i I(2n + I), then Fi 
8 
F1 6 5 
8 3 
F3 
Fig. 1. 
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contains i cycles each of length (2n + 1)/i, while if i $(2n + l), then Fi is a single 
cycle. For example, Kg decomposes into four 2-factors, as shown in Fig. 1. 
Furthermore, KZZn is the sum of n - I 2-factors Hi, 16 i s n - 1, and a l-factor 
.?. Here Hi contains the cycle(s) joining every ith vertex; again if i I2n, then Hi 
contains i cycles each of length 2n/i, while if i +f2n, then Hi is a single cycle. The 
l-factor J consists of the n edges (1, n + l), (2, n + 2}, . . . , {n, 2n). For example, 
KS decomposes as shown in Fig. 2. 
g theorem3 
When p2 = 2, K = 3 and A = 2, the parameters are 
(V,$V(V+ 1); V -3,2, V+ 1; 3,2), Va5. (1.6) 
In order to embed this design in a larger i?‘!‘D -with the same block size and index, 
and with p2 = 2, the number of elements of the larger design must be congruent to 
0 or 2 module 3. If V=O or 2(mod3), then both 2V+2 and 2V+5 are 
congruent to either 0 or 2 modulo 3. 
eorern 3.1. If 1’b #.PE is a BTD on V elements with parameters (1.6), then there is 
a BTD on 2V +- 2 elements with parameters 
(2V+2,+(2V+2)(2V+3);2V-l,2,2V+3;3,2) (1.8) 
wlzich contains the BTD on V elements as a subdesign. 
oaf. Let us call the design on V elements D1, with incidence matrix I(&). We 
shall construct an incidence matrix I(&) for the design DZ on 2V + 2 elements. 
The matrix I@,) must be of the following form. 
3V(V4-2) +-(V+ l)(V+2)4 
By considering the pl-value of designs D1 and D2, we see that each row of B 
must contain (2V - 1) -(V- 3) = V + 2 entries equal to 1. Since A =‘2 in both 
designs, we may take B = [BIB, l l l &Bv+l] where each Bi is a V x (V+ 2) 
matrix, and I&+, = 0 while Bi has ith row all 1 and jth row all 0, if i, for 
lci,jdV. Now let C=[C,C,=** C&+,] where each Ci is a (V+2)x(V+2) 
matrix, and each column of Ci, 1 G i g V, contains entries summing to 2, while 
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each column of Cv+l contains entries summing to 3. Let 
Cv = 2&*2 = and Cv+* = 
‘2 1 
12 
12 
. . 
. . 
L 121 
(where here a blank entry in a matrix means a zero entry). 
We now construct Cr, C,, . . . , Cv-r. 
When V is odd, we use the 2-factorization of Kv+2 given in the previous 
section; it decomposes into a sum of $(V+ 1) 2-factors, F,, F2,. . . , Fitv+l,. We 
discard F,, and use the other $( V- 1) 2-factors, each twice, as follows. (Note that 
F1 is discarded because it has already been used to construct Cv+I.) Let C1 = 
c,, c3 = c,, . . . , c,_, = c&-l, where each of the matrices Czj-1 and Czj comes 
from the 2-factor e+t, j = I, 2,. . . , 2 I( V- 1). Whenever the edge {s, t} occurs in 
the 2-factor, a column of C:!j-1 = C2j contains 1 in rows s and t. Since each vertex 
belongs to ;wo edges of a ?-factor, and since q+* is used to construct both Czj-r 
and C2j, we have A = 2 satisfied. 
When V is even, we use the decomposition of Kv+2 given in the previous 
section, as $V 2-factors Hi and one l-factor J. The 2-factor HI has already been 
used to construct Cv+I. We use 
C4, . . . , Cv-, = Cv_, respectively, 
(V+2)x(V+2) matrix, and V+2 
Remem bering that 
H29 N3, - l - , I+ to construct C1 = C,, C, = 
and J to construct C’v+ Since C& is a 
is even, we may put columns equal in pairs. 
~=(l,$V+2}u{2,$V+3}U 9 l l U{;V+l, V-t219 
two columns of Cv__r have entries of 1 in rows 1, $V+ 2; two columns of Cv_l 
have entries of 1 in rows 2, $V+ 3, and so on. Also the entries of columns of 
Cl = c2, c, = Cd,. . . c,_, = cv-2 come from the 2-factors Hi in a similar way to 
the case V odd, and as in that case, A = 2 for the new design D2. 
. Let design D1 have V= 5; its parameters are (5, 10; 2,2,6; 3,2). 
Then take 
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Also C = [C,C,C,C,C&] where C1 = C,, C, = C4; and from the 2-factorization 
of K, described in Section 2, we have 
1000001 1000001 
0001100 0000110 
1100000 0011000 
c* = 0000110 1100000 
0110000 0000011 
0000011 0001100 
0011000 0110000 
0 
0 
0 
0 
0 
‘2 
Then 
is the incidence matrix of design ose parameters are (12,52; 9,2,13; 3,2). 
ere is a elements with parameters (1.6), then t 
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a BTD on 2 V + 5 elements with parameters 
(22/+5,$(2V+5)(2V+6); 2V+2,2, U/+6; 3,2) 
which contains the BTD on V elements as a subdesign. 
15 
(1.9) 
. Let the old design be D1 and the new one D2. Then we have the incidence 
matrix 
I(D,) = 
Let B -[BIB2 l * l Bv+J where Bi is a VX(V- 5) matrix, and Bv+I = Bv+2 are 
zero matrices while Bi, 1 s i G V, has all entries of its itb row equal to 1) and other 
entries 0. Then C =[C,C,= l l Cv+J where each Ci is a square matrix of side 
V+5, and 
while 
2 
0 
1 
Then CI, C2,. . . , Cv arise from 2-factorizations of Kv+5: 
When Visodd, V+5iseven,andweletC1=C~,C3=C4,...,CV_2=Cv_I. 
Now Cv arises from two copies of the factor J of Kv+5, while we use the factors 
W,, H4, . . . , H~v+3j,2 to obtain C1, C,, . . . , Cv_, respectively, as described in the 
proof of Theorem 3.1. (H, and Hz have already been used for Cv+l and Cv+* 
respectively.) 
When V is even, V+5 is odd, so we use Kv+s decomposed into 2-factors 
F,, F2, l l l Y &v+2* As described in the proof of Theorem 3.1, we construct 
C1 = C2 from &, and C, = C4 from &, . . . , and Cv+ = Cv from F&,+2. 
In both cases, whether V is odd or even, the design Dz is balanced with 
parameters (1.9). 
Once again let D, denote the esign on 5 c!: merits. 
12,2,16; 3,2). 
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contains IO entries equa\ ta 1 in row i. Also C = [CIC,c,C,C5C&‘,] where 
Cb= 
2000000001 
1200000000 
0120000000 
0012000000 
0001200000 
0000120000 
0 0 0 0 0 1 2lo 0 0 
0000001200 
0000000120 
0000000012 
and C,= 
I 20000000110 0200000001 
1020000000 
0102000000 
0010200000 
0001020000 
0000102000 
0000010200 
0000001020 
0000000102 
Now C1 = C,, C, = C, and CS come from the decomposition of KlO: 
/l c 0 0 10 0 0 0 o\ 
c3 
0000010001 
0011000000 
0000000110 
1100000000 
0000011000 
0001100000 
0000000311 
0110000000 
0000001100 
en p2 = 3 and K = 3, *A = 2, the parameters are 
(v,4V(V+2); V-4,3, v+2; 3,2), Va7. (1.7) 
Now if V=O or 1 (mod3), then both 2V+l and 2V+4 are congruent o 0 or 
1 (mod 3). So we obtain the following results. 
ere is Q 1 OIR v elements with parameters (1.7), then there 
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is a BTD D2 on 2 V+ 1 elements with parameters 
(2V-t 1, $(2V+ 1)(2V+3); 2V-3,3,2V+3; $2) 
17 
(19 
which contaitis Q as a subdesign. 
We omit details. The incidence matrix of DZ has the following form. 
Here each Bi is a V x (V + 1) matrix with all entries in its ith row equal to 1, and 
all other entries zero. Also each Ci is square of side V+ 1, and Cv-, = Cv = 
21,+,, and 
2 1 
1 2 
1 2 
C 
. 
v+1= . . 
l 2 
1 2 
The other Ci come from factorizations of Kv+l: if V + 1 is odd, we have 
c,=C,,C,=C&...,Cv-3 = C&Z and. these come from the Fip i - 2,3, . . . ,a V 
respectively; if V+ 1 is even then C1 = CZ, C, = C4, . . . . C,_, = Cv_s and these 
cgme from the Hi, i = 2,3,. . . , $( Y - 1), whiie C,_, arises from J, in the manner 
described in the proof of the two previous theorems. 
e~ren~ 3.4. If there is a BTD 19, on V elements with parameters (1.7), then there 
is a BTD Dz on 2V + 4 elements with parameters 
(2V+4, $(2V+4)(2V+6); 2V, 3,2V+6; 3,2) 
which contains D1 as a subdesign. 
e This is similar to the previous three theorems. The incidence matrix of 
is: 
I(D,) = . 
jV(v-t2) - (V+2)(V++----+ 
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In this case Bi is a V x (V + 4) matrix witn every entry in row i equal to 1. The Ci 
are square matrices of side V + 4, and C1, C2, . . . , C,_, arise from 2-factors 
Fs, FL . . .y &v+3 of Kv+4 in the case V + 4 odd, while they arise from the factors 
H3, H4, . . . , If$v+l and J of Kv+4 if V + 4 is even. (As usual C1 = C,, C3 = Cc. and 
so on: see proofs of Theorems 3.1 and 3.2.) Also Cv = 21v+,, and 
‘2 l\ 
1 2 
1 2 
2 
1 24 
, C if+2 = 
‘2 1 O\ 
0 2 1 
1 0’ 
l 1 
‘2 
0 2 
\ 1 0 2r 
In order to apply our recursive constructions we need some BTDs with small 
V; in this section we list the necessary designs. These designs have been 
constructed using pairing techniques similar to methods described in my previous 
paper [S], although in the case p2 = 3, V = 12 the design is only ‘just’ cyclic, being 
generated from initial blocks modulo 2. 
Case p2=2 
V = 5. (5,10; 2,2,6; 3,2). Elements (0, 1,2,3,4}. 
Initial blocks e0, 0, l] and [0, 0,2] modulo 5. 
V = 6. (6,14; 3,2,7; 3,2). Cyclic design not possible. 
Blocks: 112, 116,223,225,331, 334,441,442,551,553, J62,663,456,456. 
V = 8. (8,24; 5,2,9; 3,2). Elements (0, 1, . . a ,7}. 
Initial blocks [U, 0, 11, [0, 0,3], [0,2,4]. 
V = 9. (9,30; 6,2,10; 3,2). Elelments {im 1 i = 0, 1,2; m = 0, 1,2}. 
nitial blocks [00, 00, lo], [00, 00, 011, i and m both cycled modulo 3, and 
[00, 11,223, [00,12,21], twice each, m cycled modulo 3 and i fixed. 
V = 11. (11,44; 8,2,125 3,2). Elements (0, 1, . . . , 10). 
Initial blocks [0, 0,2], [O, 0, 31y [0, 1, S], [0, 1,5]. 
v = 7. (7,21; 3,3,9; 3,2). lements (0, 1, . . . ,6}. 
3 31. 
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V = 9. (9.33; 5,3,11; $2). Elements {im 1 i = 0, 1,2; m = 0, 1,2}. 
Initial blocks [00, 00, Ol], [00, 00, 111, [00, 00,129, i and pn both modulo 3, and 
[00, 11,221 twice, 112 modulo 3 and i fixed. 
V == 10. (10,40; 6,3,12; 3,2). Elements (im 1 i =0, 1,2,3,4; m =0, 1). 
Initial blocks: [00, 00,401, [00, 00,30], [OO, 00, 111, [01, 01,111, [01, 01,201, 
[01, 01,411, [00, 01,211, [00, 01,211, with m fixed and i cycled modulo 5. 
V = 12. (12,56; 8,3,14; 3,2). Elements (im 1 i = 0,l; m = 0, 1, . . . ,5). 
Total of 28 initial blocks with m fixed and i cycled modulo 2. 
cw 0% 121, coo, 00,033, [OO, 00, OS], [Ol, 01,021, [Ol, 01,041, 
COl, 01,141, w, 02,111, [02,02,14], [OZ, 02, OS], [03,03,10], 
[03,03,111, [03,03,153, [04,04,10], [04,04,03], [04,04,13], 
CO5,05,lOl, [OS, 05,111, [05,05,12], [OO, 10,01-J,, [Ol, 11, 001, 
[02,12,031, [03,13,02], [04,14, OS], [OS, 15,043, [OO, 02,041, 
COO, 02,041, [Ol, 03, OS], [Ol, 03,051. 
V = 13. (13,65; 9,3,15; 3,2). Elements (0, 1, . . . ,12). 
Initial blocks [O,O, 4], [0, 0,5], [0, 0,6], [0, 1,3], [O, 1,3]. 
V= 16. (16,96; 12,3,18; 3,2). Elements {im 1 i =0, 1, . . . ,7; m =0, 1). 
Initial blocks (first digit i, cycled modulo 8, and second digit, in, fixed): 
COO, 00, IO], COO, 00,301, [00, 00, 111, [01, 01,601, [ol, 01,311, 
[00,20,40], [00,61,71], [00,61,71], [00,31,51], [00,31,51], 
and the blocks: 
01 01 40 41 41 40 00 01 41 00 41 01 
11 11 50 51 51 50 10 11 51 10 51 11 
21 21 60 61 61 60 20 21 61 20 61 21 
31 31 70 71 71 70 30 31 71 30 71 31. 
en p2 = 2, then V= 0 or 2 (mod 3) and we may write V in the form 
6&f, 6M + 2,6M + 3 or 6M + 5. Note that 
6M=2(3M-1)+2, 
so 6M 2 12. So with the list of 
and V = 5,6,8,9,11,, and with 
a BTD with parameters (1.6) 
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Moreover, 3M - 12 5 implies that M 3 2, and 
designs in the previous section when p2 = 2 
Theorems 3.1 and 3.2, we have the existence 01 
all Va5, V=O or 2 (mod 3). 
When p2 = 3, then V = 0 or 1 (mod 3), and now V is in one of the following 
forms i 
6M=2(3M-2)+4, 
6M+l=2(3M)+l, 
6M+3=2(3M+l)+l, 
6M + 4 = 2(3M) + 4. 
Since a BTD with parameters (1.7) does not exist unless Va 7, we need the 
designs for V = 7,9,10,‘12,13 and 16 when p2= 3, listed in the previous section. 
Notice that 15 = 2 l 7 + 1 and 18 = 2 l 7 + 4, so these designs arise: from our 
embedding theorems and the design on 7 elements. We now have the existence of 
a BTD with parameters (1.7) for all V 2 7, V= 0 or 1 (mod 3). 
In the case p2 = 3 and V = 1 or 3 (mod 6), the referee has kindly pointed out a 
simpler construction. Take a Steiner triple system S based on the elements 
O,l,. . .) V - 1 which contains a cyclic set T of triples 
[a+i,b+i,c+i], i=O,l,..., V-l (mod V). 
(See f;>r example Hilton [2, Sections 2 and 31.) Now replace each such *triple by 
[a -;- i, a + i, 3 + i], [b + i, b + i, c + i], [c + i, c + i, a + i], 
and repeat each of the triples in S\T. The resulting design is the required regular 
BTD with p2= 3. However in the cases V = 0 or 4 (mod 6) there is no Steiner 
triple system on V elements, and so the constructions in Theorems 3.3 and 3.4 
(above) may be used. 
We remark that when p2 = 1, methods used in [4] gave us cyclic designs, except 
when V= 6 (mod 12). However the methods described here for p2 = 2 and 3 can 
be applied also in the case p2 = 1: It is straightforward to embed a design on V 
elements with parameters (V, iv’; V - 2,1, V; 3,2) into designs on 2V and 
2V+ 3 elements, :‘nd with the existence of the design on 3 elements with blocks 
00 1,112,220, t’ .-se embeddings give a BTD with p2 = 1, K = 3, A = 2 for all 
V = 0 (mod 3). 
We have now shown that a regular balanced ternary design on V elements with 
block size 3 and index 2 exists for all V except V = 1,2,4, provided we allow 
of each element in up to three blocks, 
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